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Abstract
In this paper, we establish several sufficient conditions for a compact spacelike surface with non-degenerate
second fundamental form in the 3-dimensional de Sitter space to be spherical. With this aim, we develop a formula
for these surfaces which involves the mean and Gaussian curvatures of the first fundamental form and the Gaussian
curvature of the second fundamental form. By means of that formula, we prove, for instance, that the totally
umbilical round spheres are the only compact spacelike surfaces such that the second fundamental form is non-
degenerate and has constant Gaussian curvature.
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1. Introduction
It is well known (see Section 2) that a compact spacelike surface in the 3-dimensional de Sitter space
S31 is diffeomorphic to a sphere S2. Thus, it is interesting to look for additional assumptions for such a
surface to be a totally umbilical round sphere. In the literature about the topic, one can find two kinds of
geometric assumptions: extrinsic, that is, relative to the second fundamental form, and intrinsic, namely,
concerning to the Gaussian curvature of the induced metric.
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S31 of constant mean curvature is totally umbilical. This result was generalized to hypersurfaces of any
dimension by Montiel [10]. With respect to the intrinsic approach, Li [9] obtained the same conclusion
when the compact spacelike surface has constant Gaussian curvature. On the other hand, Alías [4] has
recently obtained a pinching result for the Gaussian curvature of a compact spacelike surface under some
assumptions on its hyperbolic image (see also [1]).
We adopt here a different point of view. The second fundamental form of a totally umbilical (and
not totally geodesic) round sphere defines a Riemannian metric if a suitable unit normal vector field is
chosen (see Section 3). So, it is natural to ask ourselves about the converse question, that is, under what
hypothesis a compact spacelike surface in S31 whose second fundamental form defines a Riemannian
metric must be a totally umbilical round sphere.
Our main tool will be a formula for spacelike (non-necessarily complete) surfaces with positive definite
second fundamental form, which involves the mean and Gaussian curvatures of the first fundamental form
and the Gaussian curvature of the second fundamental form (Proposition 4). This formula allows us to
give several characterizations of the totally umbilical round spheres under assumptions relative to the
curvatures of the first and second fundamental forms.
Before that, we characterize the compact spacelike surfaces in S31 whose second fundamental form
defines a Riemannian metric. In fact, we prove that such surfaces are those with Gaussian curvature
K < 1 (Theorem 9). As a consequence, a simple reasoning allows us to show that there is no complete
spacelike surface in S31 with Gaussian curvature K > 1, extending in this way a result by Li [9] where
the author obtains the same conclusion under the additional hypothesis of constant Gaussian curvature
K > 1 (Corollary 10).
Regarding to the problem of characterizing the totally umbilical round spheres, we start by giving
an original proof of the known result which states that the totally umbilical round spheres are the only
compact spacelike surfaces with constant Gaussian curvature K < 1 (Theorem 12). Next, we study the
case of constant Gaussian curvature KII of the second fundamental form, proving that the totally umbilical
round spheres are the only compact spacelike surfaces in S31 with K < 1 and constant KII (Theorem 13).
These results can be summarized as follows:
For a compact spacelike surface M in S31 with Gaussian curvature K < 1, the following assertions are
equivalent:
(i) K is constant.
(ii) KII is constant.
(iii) M is a totally umbilical round sphere.
Besides, we obtain various generalizations of this result (Theorem 15, Corollary 16).
On the other hand, we give some pinching results for the Gaussian curvature KII related to the
hyperbolic image of the surface (Theorem 17, Corollaries 20 and 21) and to the timelike bounded region
of S31 where the surface is contained (Theorem 22, Corollaries 24 and 25).
Finally, we get several results under the additional hypothesis of positive Gaussian curvature
(Theorems 26 and 29, Corollary 28). For instance, we prove that the totally umbilical round spheres
are the only compact spacelike surfaces in S31 with 0<K < 1 and KII proportional to the mean curvature
H or to the Gaussian curvature K of the first fundamental form (Corollary 30).
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dimensional Euclidean space to be a totally umbilical round sphere are studied.
2. Preliminaries
Let L4 be the 4-dimensional Lorentz–Minkowski space, that is, the space R4 endowed with the
Lorentzian metric tensor 〈 , 〉 given by
〈 , 〉 = (dx1)2 + (dx2)2 + (dx3)2 − (dx4)2,
where (x1, x2, x3, x4) are the canonical coordinates of R4. The 3-dimensional unitary de Sitter space is
defined as the following hyperquadric of L4,
S31 =
{
x ∈ L4: 〈x, x〉 = 1}.
As it is well known, S31 inherits from L4 a time-orientable Lorentzian metric which makes it the standard
model of a Lorentzian space of constant sectional curvature one. A smooth immersion ψ :M2 → S31 ⊂ L4
of a 2-dimensional connected manifold M is said to be a spacelike surface if the induced metric via ψ is
a Riemannian metric on M , which, as usual, is also denoted by 〈 , 〉. The time-orientation of S31 allows us
to define a (global) unique timelike unit normal field N on M , tangent to S31, and hence we may assume
that M is oriented by N . We will refer to N as the Gauss map of M .
We will denote by H = − tr(A)/2 the mean curvature of M , where A stands for the shape operator
of M in S31 associated to N . The choice of the sign “−” in our definition of H is motivated by the fact
that, in that case, the mean curvature vector is given by 
H =HN . Therefore, H(p) > 0 at a point p ∈M
if and only if 
H(p) is in the time-orientation determined by N(p).
As regards to the curvature tensor R of the surface, it can be described in terms of the shape operator
A according the Gauss equation
(1)R(X,Y )Z= 〈Y,Z〉X− 〈X,Z〉Y + 〈AX,Z〉AY − 〈AY,Z〉AX
for all tangent vector fields X,Y,Z ∈X(M), while the Codazzi equation of the surface states that
(2)(∇XA)(Y )= (∇YA)(X)
for all X,Y ∈X(M).
From (1) it follows that the Gaussian curvature K of M satisfies
2K = 2− tr(A)2 + tr(A2)
and therefore
(3)K = 1− det(A).
Throughout this paper we will mainly deal with compact spacelike surfaces in the de Sitter space S31.
Observe that every such a surface ψ :M2 → S31 ⊂ L4 is diffeomorphic to a 2-sphere by means of the map
F =Π ◦ φ ◦ ψ :M2 → S2, where Π : S2 × R → S2 is the projection onto S2 and φ−1 : S2 × R → S31 is
given by φ−1(u, t) = ((√1+ t2 )u, t). Indeed, F is a local diffeomorphism, and the compactness of M
and the simply connectedness of S2 imply that F is a global one.
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Let ψ :M2 → S31 ⊂ L4 be a spacelike surface in the de Sitter space S31. If K < 1 on M , then the second
fundamental form
II(X,Y )=−〈AX,Y 〉, X,Y ∈X(M),
determines a definite metric on M . In fact, we can suppose (up to a change of orientation) that II is
positively definite, namely, II is a Riemannian metric on M .
Let us denote by
T (X,Y )=∇XY −∇IIXY, X,Y ∈X(M),
the difference tensor of the Levi-Civita connections of 〈 , 〉 and II, which is a symmetric tensor. If RII
stands for the curvature tensor with respect to II, we obtain by a direct computation that
(4)RII(X,Y )Z=R(X,Y )Z+Q1(X,Y )Z+Q2(X,Y )Z,
where we put
Q1(X,Y )Z =
(∇IIY T )(X,Z)− (∇IIXT )(Y,Z),
Q2(X,Y )Z = T
(
Y,T (X,Z)
)− T (X,T (Y,Z)).
Contracting in (4) we have
KIIII(Y,Z)=K〈Y,Z〉 + Q̂1(Y,Z)+ Q̂2(Y,Z),
where KII is the Gaussian curvature of II and
Q̂1(Y,Z)= tr
(
X →Q1(X,Y )Z
)
,
Q̂2(Y,Z)= tr
(
X →Q2(X,Y )Z
)
,
and transvecting with respect to the metric II we get
(5)2KII =K trII
(〈 , 〉)+ trII(Q̂1)+ trII(Q̂2),
where the trace trII of a 2-covariant tensor S is, as usual, the trace of the (1,1)-tensor S˜ defined by
II
(
S˜(X),Y
)= S(X,Y ), X,Y ∈X(M).
Lemma 1. The trace trII of the metric 〈 , 〉 is given by
trII
(〈 , 〉)= 2 H
1−K .
Proof. Observe that
trII
(〈 , 〉)= tr(〈˜, 〉)=− tr(A−1).
Hence, the characteristic equation
A2 − tr(A)A+ det(A)I2 = 0
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tr
(
A−1
)= tr(A)
det(A)
=−2 H
1−K
which concludes the proof. ✷
Lemma 2. The trace trII of the tensor Q̂1 vanishes identically on M .
Proof. Until now, we have not used the explicit expression for T . Next, using the well-known Koszul’s
formula which provides the Levi-Civita connection of a Riemannian metric for the metric II, the tensor
T becomes
T (X,Y )= 1
2
A−1B(X,Y )− 1
2
A−1(∇XA)Y − 12A
−1(∇YA)X,
where〈
B(X,Y ),Z
〉= 〈(∇ZA)X,Y 〉.
Thus, we get from the Codazzi equation (2) that
(6)II(T (X,Y ),Z)= 1
2
〈
(∇XA)Y,Z
〉
and consequently II(T (X,Y ),Z) is symmetric in all three variables. Then, taking {E1,E2} a II-
orthonormal frame we have
trII(Q̂1)=
∑
i,j
II
((∇IIEj T )(Ei,Ej ),Ei)−∑
i,j
II
((∇IIEiT )(Ej ,Ej ),Ei)= 0. ✷
Lemma 3. The trace trII of the tensor Q̂2 is given by
trII(Q̂2)= ‖T ‖2II −
1
4(1−K)2
∥∥∇IIK∥∥2II,
where ‖T ‖2II is the square II-length of the tensor T and ∇IIK is the II-gradient of K .
Proof. If {E1,E2} is a local II-orthonormal frame, it yields from (6) that
trII(Q̂2)=
∑
i,j
II
(
T
(
Ej,T (Ei,Ej )
)
,Ei
)−∑
i,j
II
(
T
(
Ei, T (Ej ,Ej )
)
,Ei
)
=
∑
i,j
II
(
T (Ei,Ej ), T (Ei,Ej )
)−∑
i,j
II
(
T (Ei,Ei), T (Ej ,Ej)
)
.
Now observe that∑
i,j
II
(
T (Ei,Ej ), T (Ei,Ej )
)= ‖T ‖2II,
whereas∑
i,j
II
(
T (Ei,Ei), T (Ej ,Ej )
)= II(trII(T ), trII(T )),
where trII(T ) is the vector field obtained from the II-contraction of T .
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T (X,Y )=−1
2
A−1(∇XA)Y, X,Y ∈ X(M),
whence
trII(T )=−12
2∑
i=1
A−1(∇EiA)Ei
being {E1,E2} a local II-orthonormal frame.
Let λ1, λ2 be the principal curvatures associated to A, and {F1,F2} a local 〈 , 〉-orthonormal frame
such that AFi = λiFi , i = 1,2. If we define Ei = (1/√−λi )Fi , i = 1,2, then {E1,E2} is a local II-
orthonormal frame.
On the other hand, we obtain from the Gauss equation (1) that
U(K)
(〈Y,Z〉X− 〈X,Z〉Y )= 〈(∇UA)Y,Z〉AX+ 〈AY,Z〉(∇UA)X
− 〈(∇UA)X,Z〉AY − 〈AX,Z〉(∇UA)Y
for all X,Y,Z,U ∈X(M). Hence,
U(K)= λ1
〈
(∇UA)F2,F2
〉+ λ2〈(∇UA)F1,F1〉
and therefore, using again the Codazzi equation (2), we get
1
1−K∇
IIK =
2∑
i=1
−1
λi
A−1(∇FiA)Fi.
Thus,
trII(T )=−12
2∑
i=1
A−1(∇EiA)Ei =
1
2
2∑
i=1
1
λi
A−1(∇FiA)Fi =
−1
2(1−K)∇
IIK
so that∑
i,j
II
(
T (Ei,Ei), T (Ej ,Ej )
)= 1
4(1−K)2
∥∥∇IIK∥∥2II
which ends the proof. ✷
Finally, from the three lemmas above the expression (5) becomes as follows:
Proposition 4. Let ψ :M2 → S31 ⊂ L4 be a spacelike surface in the de Sitter space S31 with Gaussian
curvature K < 1. Then the Gaussian curvature KII of the metric II satisfies
(7)2KII = 2 HK1−K +‖T ‖
2
II −
1
4(1−K)2
∥∥∇IIK∥∥2II,
where H is the mean curvature of M , ‖T ‖2II is the square II-length of the tensor T and ∇IIK denotes the
II-gradient of K .
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Exercise I.18].
Remark 6. An argument extending the previous one allows us to generalize (7) to the case of a spacelike
hypersurface Mn with definite negative shape operator A in the de Sitter space Sn+11 to get
SII =−(n− 1) tr
(
A−1
)+ (n− 1) tr(A)+ ‖T ‖2II − 14H 2n
∥∥∇IIHn∥∥2II,
where SII is the II-scalar curvature of Mn and
Hn = (−1)n det(A)
is the 〈 , 〉-Gauss–Kronecker curvature of Mn.
Before establishing the main results, we will briefly study the totally umbilical round spheres of the
de Sitter space S31.
Example 7. Let a ∈ L4 be a fixed timelike unit vector, 〈a, a〉 = −1, and let fa : S31 → R be defined
by fa(x) = 〈a, x〉. For a given r ∈ R, S2(a, r) = f −1a (sinh(r)) is a spacelike surface embedded in the
de Sitter space S31 with Gauss map
N(x)= 1
cosh(r)
(
a − sinh(r)x), x ∈ S2(a, r),
and shape operator
A= tanh(r)I2,
so that S2(a, r) is totally umbilical. Even more, it is not difficult to see that S2(a, r) is a round sphere of
radius cosh(r) contained in the spacelike hyperplane orthogonal to a determined by 〈a, x〉 = sinh(r). We
will refer to S2(a, r) as the totally umbilical round spheres of the de Sitter space. Let us remark that they
are the only compact totally umbilical spacelike surfaces in S31.
To finish, note that when r = 0, II defines on S2(a, r) a Riemannian metric (up to a change of
orientation) with constant Gaussian curvature
(8)KII = 1
cosh(r)| sinh(r)| .
4. Main results
Let ψ :M2 → S31 ⊂L4 be a spacelike surface in the de Sitter space S31. If M is assumed to be compact,
then it is diffeomorphic to S2, and therefore M admits no Lorentzian metric. So we have
Proposition 8. On a compact spacelike surface in the de Sitter space S31, if the second fundamental form
II is non-degenerate, then it is definite.
Hence, if II is non-degenerate, then det(A) > 0 or, equivalently, K < 1. As a consequence, it follows
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are equivalent:
(i) II is a non-degenerate metric on M .
(ii) The Gaussian curvature K of M satisfies K < 1.
Thus, we obtain the following wide extension of [9, Proposition 4.2].
Corollary 10. There exists no complete spacelike surface in the de Sitter space S31 with Gaussian
curvature K > 1.
Proof. Observe that, being M complete, the assumption K > 1 implies that M is compact by Bonnet–
Myers’ theorem. On the other hand, K > 1 implies that II defines a non-degenerate metric on M . Thus,
Theorem 9 can be claimed to get a contradiction. ✷
Remark 11. It is worth pointing out that there exist compact spacelike surfaces in S31 with degenerate
second fundamental form somewhere and not totally geodesic. An example can be easily constructed by
using a suitable normal variation of a totally geodesic round sphere.
Next, we give several characterizations of the totally umbilical round spheres from assumptions
relative to the metric II. Let us start by providing a new proof of the following known result (see [3,
5,9]):
Theorem 12. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
constant Gaussian curvature K < 1. Then M is a totally umbilical round sphere.
Proof. Since K is constant (necessarily positive by the Gauss–Bonnet theorem), using the Cauchy–
Schwarz inequality H 
√
1−K in (7) we obtain
(9)KII = HK1−K +
1
2
‖T ‖2II 
K√
1−K
on M , with equality if and only if M is a totally umbilical round sphere.
Let us denote by dA and dAII the area elements on M with respect to the induced metric 〈 , 〉 and II,
respectively. It is easily seen that dAII =
√
1−K dA. Using again the Gauss–Bonnet theorem, we get
4π =
∫
M
K dA=
∫
M
K√
1−K dAII 
∫
M
KII dAII = 4π
so that equality holds in (9), which completes the proof. ✷
Of course, a totally umbilical (and not totally geodesic) round sphere has KII constant (see (8)). The
following result can be seen as a (non-trivial) converse of this statement.
Theorem 13. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1. If the Gaussian curvature KII of II is constant, then M is a totally umbilical
round sphere.
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4π =
∫
M
KII dAII =KII
∫
M
dAII =KIIAII
where AII = area(M, II).
Since M is compact there exists po ∈M such that K(po)=maxM K , and from (7) it results
KII(po)H(po)
K(po)
1−K(po) .
Observe that the Gauss–Bonnet theorem also guarantees that K(po) > 0, which jointly the Cauchy–
Schwarz inequality yields
(10)4π
AII
=KII  K(po)√1−K(po) 
K√
1−K
on M , because the function f (t)= t/√1− t is strictly increasing for t < 1.
Then we have from (10) that
4π =
∫
M
K dA 4π
AII
∫
M
√
1−K dA= 4π
AII
∫
M
dAII = 4π
and therefore equality holds in (10), that is, K is constant on M . Finally, our assertion follows from
Theorem 12. ✷
Using similar arguments, we are able to extend the previous two theorems as follows.
Lemma 14. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1. If there exists a point po ∈M where KII attains its minimum and K attains
its maximum, then M is a totally umbilical round sphere.
Proof. Taking into account that the function f (t)= t/√1− t is strictly increasing for t < 1, we obtain
from (7) that
KII KII(po)
K(po)√
1−K(po) 
K√
1−K
on M . Hence
4π =
∫
M
K dA=
∫
M
K√
1−K dAII 
∫
M
KII dAII = 4π
and therefore KII =KII(po) on M . The proof concludes using the previous theorem. ✷
Theorem 15. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1. If there exists a function Φ : R × R → R which is increasing (resp.
decreasing) in both variables and strictly monotonic in at least one of them, such that
Φ(K,KII)= 0
on M , then M is a totally umbilical round sphere.
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compact, there exist po ∈M where K attains its maximum. Then KII attains its minimum at po and the
result follows from the above lemma.
Otherwise, there exists p1 ∈M such that KII(p1) < KII(po), and then
0=Φ(K(po),KII(po))>Φ(K(po),KII(p1))Φ(K(p1),KII(p1))= 0,
which is a contradiction. ✷
Although the assumptions in Theorem 15 have not an immediate geometric meaning, its power
becomes clear if we observe that the hypothesis in Theorems 12 and 13 are very particular cases of
that one. Another interesting consequence is the following:
Corollary 16. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1. If there exists a decreasing function f : R →R such that
KII = f (K) or K = f (KII)
on M , then M is a totally umbilical round sphere.
Next, the totally umbilical round spheres of de Sitter space S31 will be characterized in terms of some
suitable bounding conditions for the Gaussian curvature KII. Observe that, by parallel translation to the
origin in L4, we can regard the unit normal vector field N as a map N :M2 →H3, where H3 denotes the
3-dimensional hyperbolic space
H3 = {x ∈ L4: 〈x, x〉 = −1, x4 > 0}.
The subset N(M)⊂H3 will be called the hyperbolic image of the surface. On the other hand, recall that
a geodesic ball B(a, r) in H3 of radius r  0 centered at a ∈H3 is given by
B(a, r)= {q ∈H3: 1 〈a, q〉2  cosh2(r)}.
Note that the hyperbolic image of a totally umbilical round sphere S2(a, r) is the geodesic sphere in H3
of radius r centered at a,
N
(
S2(a, r)
)= {q ∈H3: 〈a, q〉 = − cosh(r)}= ∂B(a, r).
In [4], Alías has recently shown that if the hyperbolic image of a compact spacelike surface M is
contained in a geodesic ball in H3 of radius r  0, and the Gaussian curvature K of M satisfies that
K  1
cosh2(r)
,
then M must be a totally umbilical round sphere of radius cosh(r) (see also [1]).
In the same direction, using the relationship (7) between K and KII, we obtain the following pinching
results relative to the Gaussian curvature of the second fundamental form:
Theorem 17. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1 such that its hyperbolic image is contained in a geodesic ball in H3 of radius
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KII 
1
cosh(r) sinh(r)
,
then M must be a totally umbilical round sphere of radius cosh(r).
Proof. If K attains its maximum at po ∈M , we have (see (10))
1
cosh(r) sinh(r)
KII(po)
K√
1−K
on M . But this inequality holds if and only if K  1/ cosh2(r) and, using the previously quoted Alías’
result, M must be a totally umbilical round sphere of radius cosh(r). ✷
Remark 18. The bound 1/(cosh(r) sinh(r)) in Theorem 17 is the best possible. In fact, it coincides
with the Gaussian curvature KII of a totally umbilical round sphere of radius cosh(r) (see (8)) whose
hyperbolic image is a geodesic sphere in H3 of radius r .
Remark 19. Theorem 17 can be stated, more generally, for complete spacelike surfaces in S31. Indeed,
every complete spacelike surface in the de Sitter space such that its image under the Gauss map is
bounded in H3 is necessarily compact (see [2]).
Corollary 20. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1. If the Gaussian curvature KII of II satisfies
KII 
1
cosh(r) sinh(r)
for some r > 0, then the smallest geodesic ball in H3 containing the hyperbolic image of M has radius
larger than r , unless the surface is a totally umbilical round sphere of radius cosh(r).
Corollary 21. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1 such that its hyperbolic image is contained in a geodesic ball in H3 of radius
r > 0. Then the Gaussian curvature KII of II satisfies
max
M
KII 
1
cosh(r) sinh(r)
,
with equality if and only if M is a totally umbilical round sphere of radius cosh(r).
Given a unit timelike vector a ∈ L4 and r > 0, we will denote by
Ω(a, r)= {x ∈ S31: − sinh(r) 〈a, x〉 sinh(r)}⊂ S31,
the timelike bounded region whose boundaries are two totally umbilical round spheres of radius cosh(r)
and constant Gaussian curvature KII(r)= 1/ cosh(r) sinh(r). We will refer to r as the timelike radius of
the region Ω(a, r)⊂ S31.
In [1] the first author and Alías have recently proved that if the image under the immersion ψ :M2 →
S31 ⊂ L4, ψ(M), of a compact spacelike surface in the de Sitter space S31 is contained in the timelike
108 J.A. Aledo, A. Romero / Differential Geometry and its Applications 19 (2003) 97–111bounded region Ω(a, r) and the Gaussian curvature of M satisfies K  1/ cosh2(r), then M must be a
totally umbilical round sphere of radius cosh(r), that is, M is one of the two spheres bounding Ω(a, r).
Once this new viewpoint has been introduced, the previous pinching results can be stated in terms of
the timelike radius of the region Ω(a, r)⊂ S31 where ψ(M) is contained.
Theorem 22. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1, a ∈ L4 a unit timelike vector and r  0, verifying that ψ(M) ⊂Ω(a, r). If
the Gaussian curvature KII of II satisfies
KII 
1
cosh(r) sinh(r)
,
then M must be a totally umbilical round sphere of radius cosh(r).
We omit the proof of this result because it is analogous to the one in Theorem 17.
Remark 23. Theorem 22 can be also stated, more generally, for complete spacelike surfaces in S31.
Indeed, every complete spacelike surface in the de Sitter space such that its image under the immersion
is timelike bounded in S31 is necessarily compact (see [2]).
Corollary 24. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1 and Gaussian curvature KII of II satisfying
KII 
1
cosh(r) sinh(r)
for some r > 0. Then for any timelike unit vector a ∈ L4, the smallest region Ω(a,R) containing ψ(M)
has timelike radius larger than r , unless the surface is a totally umbilical round sphere of radius cosh(r).
Corollary 25. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature K < 1, a ∈ L4 a unit timelike vector and r  0, verifying that ψ(M) ⊂ Ω(a, r).
Then the Gaussian curvature KII of II satisfies
max
M
KII 
1
cosh(r) sinh(r)
,
with equality if and only if M is a totally umbilical round sphere of radius cosh(r).
Recall that the totally umbilical round spheres S2(a, r), r = 0, have positive Gaussian curvature
1/ cosh2(r) (see Example 7). Under the additional assumption of positive Gaussian curvature, we are
able to obtain the following characterizations of such spheres.
Theorem 26. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature 0<K < 1. Then, either KII−K/
√
1−K changes its sign orM is a totally umbilical
round sphere.
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theorem
4π =
∫
M
K dA=
∫
M
KII dAII =
∫
M
KII
√
1−K dA,
that is,∫
M
(
K −KII
√
1−K )dA= 0.
Hence, it suffices to show that KII =K/
√
1−K if and only if M is a totally umbilical round sphere.
Let us consider the function ϕ :M→R given by
ϕ(p)= H(p)√
1−K(p) − 1,
which is non-negative on M and vanishes only at umbilic points, and let po ∈M be a point where ϕ
attains its maximum. If M is not a totally umbilical round sphere, then ϕ(po) > 0.
Since po is not an umbilic point, we can introduce line of curvature coordinates near po in such a way
that
〈 , 〉 =Edu2 +Gdv2 and II= e du2 + g dv2.
Then (see [11, Proposition 3.44]) K and KII can be written as
(11)K =− 1
2
√
EG
{(
Ev√
EG
)
v
+
(
Gu√
EG
)
u
}
and
(12)KII =− 12√eg
{(
ev√
eg
)
v
+
(
gu√
eg
)
u
}
.
Substituting (11) and (12) in
KII = K√1−K =K
√
EG√
eg
,
where we are using that K = 1− eg/EG (see (3)), we obtain(
Ev√
EG
− ev√
eg
)
v
+
(
Gu√
EG
− gv√
eg
)
u
= 0.
From the Codazzi equation (2) we get that
ev =HEv, gu =HGu,
whence(
Ev√ ϕ
)
+
(
Gu√ ϕ
)
= 0.
EG v EG u
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2ϕKEG=Evϕv +Guϕu
which is a contradiction, since the right-hand side of this equality vanishes at po while the left-hand one
is positive. ✷
Remark 27. It should be noticed that the assumption K > 0 is only needed to assert that K(po) > 0. If
this hypothesis could be removed or relaxed, Theorem 26 and Corollary 28 could be sharpen.
Corollary 28. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature 0 <K < 1. Then each of the assumptions
(i) KII K/
√
1−K ,
(ii) KII K/
√
1−K ,
(iii) KII K/H
implies that M is a totally umbilical round sphere.
Proof. Under the assumption (i) or (ii), the result is an immediate consequence of Theorem 26. The case
(iii) follows from (ii) and the Cauchy–Schwarz inequality. ✷
Theorem 29. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature 0 < K < 1. If KII = cH sKr on M , where c, 0  s  1 and r  1 are constants,
then M is a totally umbilical round sphere.
Proof. Observe that c > 0 as can be guessed from the Gauss–Bonnet theorem.
If K attains its maximum at a point po ∈M , we obtain from (7) that
cH s(po)K
r(po)=KII(po) H(po)K(po)1−K(po)
and using the Cauchy–Schwarz inequality it results
c K(po)
1−r
(1−K(po))(s+1)/2 .
It can be easily seen that the function g(t)= t1−r/(1− t)(s+1)/2 is increasing if 0 < t < 1, 0 s  1 and
r  1, so that
c K
1−r
(1−K)(s+1)/2
on M , whence
KII
√
1−K = cH sKr√1−K KHs(1−K)−s/2 K.
Therefore KII K/
√
1−K on M and our assertion follows from Corollary 28. ✷
In particular we have the following:
J.A. Aledo, A. Romero / Differential Geometry and its Applications 19 (2003) 97–111 111Corollary 30. Let ψ :M2 → S31 ⊂ L4 be a compact spacelike surface in the de Sitter space S31 with
Gaussian curvature 0 < K < 1. If KII is proportional to the mean curvature H or to the Gaussian
curvature K , then M is a totally umbilical round sphere.
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